The interaction of a drum's head with its enclosed air is presented in the simplest possible form appropriate to the questions and issues that arise in understanding the timbre of the banjo. The inherent air-head impedance mismatch allows treating the head as driver of the air and the air's effect, in turn, as back reaction. Any particular question can then be addressed with a calculation in simple wave mechanics. The analysis confirms and quantifies the notion that internal air resonances enhance the response of the head at its and their frequencies. However, the details of just how are fairly complicated. For the kettledrum, the focus is the shifts in the lowest few resonant frequencies due to the head-air interaction and the relative amplitudes of those resonances as a function of where the drummer's mallet strikes the head. The kettledrum's lowest and strongest modes end up with nearly integer ratios -in contrast to the distinctly non-musical ratios of the ideal drum head.
Banjo Drum Physics -theoretical preliminaries
I. BACKGROUND & GOALS
Rayleigh [1] may have been the first to recognize that the kettledrum (timpani) presents an interesting but tractable physics problem. Why does it have a clearly discernible pitchrather than being "indefinite," like most drums? The answer lies with the interaction of the enclosed air with the head. Over subsequent decades, this problem was addressed with increasing sophistication. The strategies have become more sophisticated, but the basic math used is still from the 19 th Century (and physics from the 18 th and 17 th ). Quantitative advances have been possible because of improvements in numerical computation.
For the kettledrum, the focus is the shifts in the lowest few resonant frequencies due to the head-air interaction and the relative amplitudes of those resonances as a function of where the drummer's mallet strikes the head. The kettledrum's lowest and strongest modes end up with nearly integer ratios -in contrast to the distinctly non-musical ratios of the ideal drum head.
Correct and complete solutions of the membrane-air interaction have long been known. [2] [3]
The goal here is to find the most elementary approach that can give a perspective on the questions that arise for the banjo and give qualitative and potentially quantitative guides to their solutions. Those questions are quite different from the focus of the kettledrum studies.
On a banjo, strings drive the head via the bridge and present a variety of possible frequency spectra, all quite rich in high harmonics. Also, there are many variables in the spatial aspects of how the head is driven. On a five-string banjo, the first and fifth strings produce the most bridge end-to-end rocking, while the third string gives no bridge rock at all. The third string and whole bridge, however, are typically off center in the radial direction. Both the off-center location of the bridge and its rocking contribute to excitations of the head that are not rotationally symmetric about its center. And the footprint of the bridge on the head is a design variable. Also important is its placement -fixed once and for all by the builder if the neck has frets -but potentially different for different designs.
And different pot (body) designs produce very subtle differences in timbre. To most people, a banjo is a banjo. However, aficionados recognize and care about the subtle distinctions.
Introductions to musical acoustics often define timbre of a sound as the collective aspect of that sound that cannot easily be quantified, e.g. not pitch, frequency, loudness, duration, tempo, &c. This investigation aims at understanding subtle aspects of timbre arising from banjo pot geometries. A variety of geometries and the whole range of audible frequencies are relevant. And sometimes a qualitative grasp of all those possibilities might be more helpful than running computer code focused on some particulars.
II. QUALITATIVE SUMMARY & OUTLINE
Previous banjo physics studies [4] addressed the air modes themselves. Simple theory gave a satisfactory and illuminating account of measurements for which the head was decoupled -by replacing it with 3/4 plywood. The implication was that air resonances enhanced the head motion at their frequencies and thereby altered the timbre. The present note describes a way to make that connection more precise and to understand the head-air interaction in terms of basic physics. Rather than precision determinations of a few parameters, what is wanted is a general, approximate approach to any particular question that provides a well-founded qualitative picture and where the calculations could be readily performed or estimated.
Damping is obviously essential to self-consistency, especially in a frequency domain, steady-state approach. Vibrational amplitudes must remain small to preserve approximate linearity for the sake of the simple math and for the sake of musicality to the ear. Furthermore, the effects of the air resonances on the head must remain relatively small, even at their maximum. In addition, an important lesson of this endeavor is an appreciation of the very significant impact on timbre that is produced by the details of the dissipation of the head and pot air vibrational energy (to sound, heat, and other parts' motions). With many competing effects operative at once, which ones stand out and which are washed out depends on the magnitudes of the various sorts of energy loss and radiation. Since that dissipation is particularly hard to quantify and to model, the results of the "theory" presented here remain rather qualitative.
Also, setting up the questions as physics problems makes it clear that our collective ignorance of how to quantify timbre means that we don't really have specific, quantifiable questions to ask. "What is the effect of increasing the pot depth from 2 1 2 to 3 ?" sounds like a simple question. But the physics answer is an account of the interactions of the motions of the various parts and their effect on the radiative motion of the air (aka sound). Our understanding of how this relates to musical judgments is rather primitive. We don't really know how to translate "ring," "clang," "ping," or "sweet," "tubby," "muddy," "clear," &c.
into quantifiable sound characteristics. [5] In the spirit of dividing "understanding the banjo" into manageable parts, the issue of external "air-loading" of the head is not addressed here. The approach described for the interior air would work just as well for the outside air. In the proposed approximation scheme, the two effects are independent and would simply add. Both can be considered as small back reactions on the head motion because of the head-air impedance mismatch. And exterior air-loading can be considered to be a constant feature, along with string and bridge dynamics, when we focus specifically on the enclosed air and its geometry. frequencies, but the forced one has a much bigger mass and stiffer spring. It serves as the model of the head, while the wimpier one is the air. I call this system 0-0D because the position of each oscillator at any particular time is just a point, and a point is a "space" of zero dimension.
The second system is a spring-loaded piston that moves in an air-filled cylinder. The piston is forced, and we study its response. This system is called 0-1D because the piston position is characterized by a single point while the air in the cylinder is characterized by the pressure and air velocity along its center line.
1-2D is a one-dimensional "membrane" coupled to a two-dimensional compressible fluid. Even restricting to a single sinusoidal frequency, there are an infinite number of ways to force the 1D membrane. The spatial structure of the forcing is naturally decomposed into the shapes of the modes of the membrane by itself. I look specifically at the back reaction of the fluid on the membrane, given some initial membrane mode motion. The charming and challenging aspects of vibro-or structural acoustics make their appearance.
An actual banjo, however idealized, would be 2-3D, and the further complications are computationally formidable. But the essential conceptual issues are already faced in the 1-2D system. The internal resonator provides a simple example of aspects of a particular 2-3D system. Typical banjos' lowest air resonance and the lowest resonance of virtually all string instruments is the Helmholtz resonance. This requires a small port on the air cavity to the outside. According to the standard simplified account, the enclosed air acts as a spring, and the air that oscillates in and out of the port is the mass. On resonance, all the enclosed air expands uniformly and applies a uniform pressure over the surface of the head. It can be excited by any head motion that can create a net volume change to the air cavity. And the pressure reacts back on all of the head motions that involve a net volume change. The head-air interaction can be understood as a set of 0-0D models.
B. qualitative results
The following are summaries of the qualitative results. The equations and their solutions are given in section III.
0-0D
The two oscillator 0-0D system allows an exact solution to be compared to the leading impedance-mismatch, back reaction calculation. The back reaction calculation proceeds as follows. First, we solve for the steady-state motion of the forced oscillator in the absence of coupling to the second oscillator. Then that motion is used as a force on the second oscillator. The consequent motion of the second oscillator is then used as the source of an additional force on the first, which gives rise to an additional motion added to the original one. For large impedance mismatch (i.e., large difference in masses and spring constants), this approach agrees in all qualitative aspects with the exact solution. The back reaction approach actually gives the first term in a power series expansion of the exact solution in a small parameter, e.g. the ratio of the masses. Subsequent terms in that expansion are simply higher order iterations. Keeping only the first term and the expansion itself only make sense if the damping is sufficient to ensure that the back reaction force never gets large compared to the initial driving.
The uncoupled resonant frequencies are shifted slightly. The small mass resonance appears as a bump in the driven motion of the larger one. In the presence of the coupling, the response to a given force is enhanced at frequencies below both resonances and at frequencies above both. The response is weakened for drive frequencies between the two resonances. If there were no damping, there would be a symmetry of the coupling behavior immediately above and below resonance -with an abrupt change of sign upon crossing the resonance.
Damping not only smooths the response into something continuous, it also makes the effect positive in the vicinity of the resonance, i.e. on both sides. 
0-1D
The 0-1D system involves compression waves in the 1D air column.
"Linearity" is a key property of the relevant differential equations that allows simple analysis. It is a defining feature of the ideal 0D spring and a very good approximation 
1-2D
Basic mechanics determines the general structure of the back reaction as a function of frequency. There are terms with poles (i.e., zeros in the denominator) at the 2D air cavity resonance frequencies. Each pole residue (numerator) is a measure of the effectiveness of the driven head to excite the air resonance (which depends on the relation of the shapes) and of the effectiveness of the air resonance to drive particular head motions.
To get a definite result for the 1-2D system that is simple enough to be comprehensible, 
the internal resonator as a further example
The internal resonator is a design element dating back to Fred Bacon in 1906. [6] . Something of a cult favorite to this day, the design creates a somewhat fuller sound. With a few analysis to a 2-3D system. The internal resonator gives a back reaction that starts at a much lower frequency than occurs without it. It also increases the density of pot air resonances as a function of frequency for mid to high frequencies. FIG. 9 is a sketch of this geometry and indicates the first step in its analysis.
the Helmholtz resonance
Finding Helmholtz resonance behavior in the solution of the basic wave equations would be a daunting task because it relies on complicated boundary conditions (i.e., the small mouth or neck that connects to the open air) and involves complicated air motion. So that is not attempted here. Rather, employing the standard spring & mass (0-0D) simplified picture, one can understand how it is excited and pushes back.
2-3D
2-3D would be a model of an actual banjo. No such calculation is attempted here explicitly. For a circular head and pot, the relevant nodal lines and planes are equally spaced diameters and diametric slices. Rotational symmetry ensures that the back reaction of the pot air preserves the number of azimuthal nodes. Hence, the addition of the azimuthal dimension adds computational but no conceptual difficulties. The radial behavior is an example of a 1D head driving a 2D cavity, but the relevant eigenfunctions are Bessel functions rather than sines and cosines. Again, this is a computational complexity rather than a conceptual one.
For a rectangular banjo [7] , the obvious rectangular coordinates are also separable. The motions added by the extra dimension in going from 1-2D to 2-3D are the obvious set of denumerable possibilities. While the circular banjo has rotational symmetry (and preserved transformation properties under rotations), rectangular boundary conditions break translation symmetry. That is why the nodal structure of the driving head can be altered by the back reaction -in contrast to the azimuthal structure in a circular geometry.
III. EQUATIONS & CALCULATIONS
The details that follow assume familiarity with forced, damped, coupled oscillators, with the wave equations for an ideal membrane and for sound and their solutions (including evanescent waves); with Fourier analysis; and with the complex number representation of each of these. That necessary background is typically included in second-year college physics and will not be reviewed here. However, one need not know any Bessel function identities, which Hankel function is which, or how to integrate Green's functions over bounded volumes. [8] A. 0-0D
The equations of motion for the two oscillators depicted in FIG. 1 are
Let
iωt (with j = 1, 2) .
Note that the A j are complex, i.e., their phases encode the phase shifts relative to F ext that arise because of the damping. The external force is applied to oscillator #1, and the quantity of final interest is |A 1 |.
Use theẍ 2 equation to find A 2 in terms of A 1 . Use that in theẍ 1 equation to solve for
Then
That is the exact solution. The back-reaction calculation begins with the solution of the #1 motion in the absence of coupling to #2. That means taking k 2 = 0 in the equations of motion, which amounts to setting α = 0 in the x 1 amplitude:
In particular, the motion x (t) which equals
} .
If the exact A 1 is expanded in powers of α, the sum of the zeroth and first order terms in
. Higher terms in the expansion are clearly iterations of back reaction.
Furthermore, this procedure is directly applicable to higher dimensional extended systems as long as the systems and their coupling can be treated as linear and the interaction between the two systems is weak, e.g., because of a large impedance mis-match. With γ = 0, A is complex. At resonance it is imaginary. Consequently, the positive definite |A| is also large at resonance. If such a resonance is providing some sort of back reaction to some zeroth order amplitude, away from the resonance it contributes with opposite signs. Near the resonance, it adds "in quadrature" to the uncoupled forced motion,
i.e., as the square-root of the sum of the squares, to produce the total amplitude, because of the 90 o phase difference.
B. 0-1D
The 0-1D system is a spring loaded, driven piston in a (one-dimensional) cylinder. The new aspect is the linear, dissipationless compression waves supported by the "air" in the where p(z, t) is the pressure, v(z, t) is the air velocity, c is the speed of sound, and ρ is the density of the air. Because the system is one-dimensional, p is a force, and ρ is the mass per unit length. (Alternatively, one may think of it as a three-dimensional cylinder with unit cross section.)
These equations can be combined to yield the wave equations for p and v separately:
The math is simple only in the absence of any dissipation. So that is how we proceed at this point. Ultimately, dissipation will prove crucial to the form of the final behavior, but
it is not only difficult to model analytically, it has many different physical origins with very different forms and magnitudes. So a discussion is postponed until later.
In the absence of dissipation, all motion is in phase (up to a sign) with the driving force, and there is no need (as yet) to use complex numbers to represent the possible phases. For The chosen sign convention is that a positive p is a force on ψ in the negative ψ direction. A is determined by matching to the zeroth order motion ψ (0) (t) of the externally forced piston. ψ (0) (t) satisfies the equation
where F (t) = mf cosωt . The solution is
with
So the back-reaction pressure (or force) is
. This is the force that drives ψ (1) . ψ (0) and ψ (1) are added (superposed) to form ψ (0+1) , whose amplitude is
] .
The zeros of tan 
C. 1-2D
If the head is a one-dimensional membrane (i.e., a string) and the pot is two-dimensional, new, challenging features arise. Driving the head with an external force requires specifying the spatial structure of the drive as well as its time dependence. And the 2D air motion is considerably more complicated. The pressure, p(r, t) is still a scalar, but the air velocity, v(r, t) is a two-vector. Separation of variables for the relevant differential equations in simple geometries aids the analysis. However, there is a fundamental mismatch between the vibrating boundary (the 1D head) and the enclosed (2D) air. This is related, in part, to two conflicting considerations. The head motion pushing in some direction generally results in some air motion in an orthogonal direction. But the boundary conditions include sides where the air motion must vanish. In fact, the motion resulting from the simplest possible forcing can only be described as an infinite sum of simple motions.
In the 0-1D example, the external, driving force was taken to be sinusoidal in time -not because most or many forces actually are sinusoidal but because any time dependence can be written as a sum of sinusoids of different frequencies. Each one produces a characterizable and calculable response. And, if the system is linear, the total response is the sum of the various sinusoidal responses. For the 1D head of the 1-2D system, we use the same strategy, consider some normal mode shape of the 1D system, and study the response as a function of frequency. In particular, we consider a force on the head whose spatial structure produces a particular sinusoidal displacement of the head with the force's frequency. That moves the adjoining air at that frequency. The goal is to understand the back reaction pressure, which gives a small additional force on that head motion. However, there is nothing simple about it. Off-resonant forcing of an enclosed compressible fluid is complicated. Choosing a particular sinusoidal boundary vibration is only a partial simplification of the general problem.
As depicted in FIG. 3 , the head equilibrium position is along x = H and stretches in the y-direction from 0 to L. Head motion is represented by ψ(y, t), and ψ > 0 is deformation in the +x-direction. ψ satisfiesψ = c 2 s ψ + F (y, t)/ρ s where c s is the wave speed of ψ along the head, F (y, t) is the externally applied force, and ρ s is the mass per unit length of the head.
For the particular F F (y, t) = ρ s f sin ky cos ωt , the steady state ψ takes the form ψ(y, t) = A sin ky cos ωt
While ω can take any value between 0 and ∞, k must produce ψ solutions that fit the fixed-end boundary conditions. Therefore kL/π must equal some integer n, which is the number of half-waves in L.
The above is the form taken for ψ (0) , which serves as a boundary condition for the air:
The wave equations for v and p areṗ
where c is the speed of sound in the 2D system and ρ is its mass per unit area.
With rectangular boundaries, these equations are separable in Cartesian coordinates.
There is a complete set of solutions of the form
with the p i , i = x, y, t, each satisfying its own harmonic/Helmholtz-like equation, whose solutions are sinusoidal. "Complete set" means that any particular solution can be expressed as a superposition of the various factored or "separated" solutions. To match the sinusoidally forced boundary, a superposition of an infinite series will be required.
We again seek a persistent solution with sinusoidal frequency ω. For a given set of boundary conditions, the solution is unique, and it is finite away from the enclosure resonances.
In the limit that damping can be ignored, the pressure and velocity at each point vary (in time) in phase or 180 o out of phase (just a -sign) with the driving. The solution is made up of the standing wave superpositions of traveling waves which have wave vectors k. The
y . So, for a given ω and |k y |, there are four distinct k's. In general, no single value of k y will lead to a superposition of waves that satisfy the boundary conditions. How much of which k's are needed will depend on the exact nature of the forcing.
The spatial mode shapes of the 1D head are a natural basis for the boundary condition forcing of the 2D cavity. An infinite series of air motion k y 's will be required to match a single k of the head. However, the motion corresponding to each term in that series can be computed using simple math.
The x = H boundary is forced at ω as shown in FIG. 3 with a wave number k ψ to give ψ (0) (y, t) = A sin k ψ y cos ωt .
So we seek solutions for the air motion for which
and v x (0, y, t) = 0 and v y (x, 0, t) = v y (x, L, t) = 0.
No simple solution exists, i.e., with k y = ±k ψ and k x = ± For a given n, the largest coefficients are for j = n ± 1, even though the j = n coefficient vanishes. This is the mathematical reflection of how the wavelength of the head motion imprints itself on the air motion.
So we seek a persistent solution of the air equations with v x,j (H, y, t) = B j cos k y,j y sin ωt with k y,j = πj/L and j = 0, 1, 2, 3... and k
Until it is time to exhibit the j-dependence and the sum over j, the j labels will be suppressed.
For any particular j, with D = B/(k x sin k x H), all boundary conditions and wave equations are satisfied by
p(x, y, t) = ρωD cos k x x cos k y y cos ωt . 
THE 1-2D INFINITE SERIES SOLUTION:
Collecting all the pieces so far, we can construct the solution for the first order back reaction of the air on the head due to a particular motion of the head. If the zeroth order head motion (i.e., ignoring the air) is
ny cos ωt , then the back reaction force per unit length along the head is the air pressure at x = H:
y,j , and a j (n) as given above.
As simplified and idealized as the 1-2D system is, its behavior captures several features On the other hand, y wave numbers near that of the driving force are emphasized by the form of a j (n). While there is no j = n term in the sum over j, the largest values of a j (n)
are at j = n ± 1 and decrease as the j-n difference increases.
The pressure gets large when any of the j-dependent factors in the denominator get small.
The zeroes of the denominator arise because the inevitable damping has been ignored in the derivation. k x,j → 0 when the driving frequency matches air waves whose y dependence fits in L and are constant in x. The wave with j = n is excluded from the list, but there are infinitely many others as we sweep through ω. This is one important feature of systems with higher spatial dimension than the 0-1D model. Motion of the head in the x direction creates pressure variations which create motion of the air in the orthogonal y direction (or the two directions orthogonal to x in a 2-3D system) and can excite resonances in that direction (or plane).
to fitting the x-component of waves in H and the y-component in L. The 2D waves in the sum for which tan k x,j H → 0 are all of the normal modes of the closed L × H box for which j + n is odd. When k x,j becomes imaginary, all of the sinusoidal trig functions of imaginary arguments become hyperbolic functions. Those functions satisfy the same differential equations (as is obvious from their complex representations). They also satisfy the requisite boundary conditions. So, for (ω/c) 2 − (πj/L) 2 < 0, the tan becomes tanh. The only zero of tanh θ is at θ = 0, and it is small only in that vicinity. That behavior is the second half of the account of the x-direction resonances associated with k x,j → 0 from the real side. Away from those k x values, tanh k x,j H is just close to 1.
In summary, the poles of the (undamped) back reaction are at all the closed box resonances and their strength in the sum over resonances is given by their spatial overlap at the driven boundary, as reflected in the coefficient a j (n).
PRESSURE PROJECTED ONTO THE ORIGINAL WAVE NUMBER:
The back reaction, p(H, y, t), is also a function of ω, L, and k ψ . Its important features were highlighted above. Those feature's relative sizes and impact depend on all the parameters.
Furthermore, how it all works out depends very significantly on the damping. A particular projection of the result is of possible interest and is simpler to contemplate and simpler to plot. The back reaction can be re-expanded as a series of sines on the interval 0 < y < L.
That gives a double Fourier sum. However, any single sine term will be expressed as a single sum over j. The biggest term is the original, chosen spatial structure of the driving force,
i.e., sin k ψ y. That is the back reaction onto the original forcing. Also of interest is how strongly the back reaction acts on different y wave numbers.
Define such a projection of p along x = H onto a sine with m half-waves as
The comments made previously about how each of the terms in the formula can make it large apply here as well. Of particular importance are the wave numbers that fit in the L × H box and the near matching of j in the sum to n, the number of half-waves in the driving force, and now also to m, the y shape projection onto the head. The a j (m)a j (n)
factor is largest for m = n and j = n± 1. More generally, n + m must be even, and n + j must be odd. And the a j (m)a j (n) factor gets smaller as the differences of these integers gets larger.
The purpose of a plot of p(m, ...) is simply to illustrate some of its qualitative features. That cannot be modeled with simple sums of sines and cosines, no matter how simplified is the rest geometry. That connection is not a priori weak or an impedance mismatch.
Experimentally, in going from sealed to a 5/8 opening, the air spectrum changes smoothly and only by a small total amount over that range. [6] So, effectively, that opening is "small."
For here, it is imagined that the cavities are isolated from each other.
The ideal head modes are the standard modes of the full-radius drum head. Again, linearity, superposition, and impedance mis-match make the physics tractable. The head modes can be decomposed into modes suitable for driving the top surfaces of the two pot air volumes. Each component generates a back reaction, which acts as an additional driver on the head -all easy to imagine in all aspects qualitatively but a lot to implement quantitatively.
Two further approximations help. The annulus is unrolled into a rectangular box, as in
The end boundary conditions are periodic. [9] A calculation for a rectangular box gives a good match to the observed resonances of an actual annulus. [6] There are always an even number of azimuthal node lines of the head as it drives the annulus. These are preserved
as the x-z node planes, an even number of them evenly spaced in y. The radial motion is fixed at z = 0, which corresponds to the outer edge of the head. Rather than considering the Bessel functions appropriate to the radial dependence, I simply restrict attention to frequencies sufficiently low that the radial dependence of the zeroth order driving by the head over the width W of the annulus is simply linear.
The driving top surface of the rectangular box provides the boundary condition
where 2n is the number of azimuthal nodes (i.e., n = 0,1,2,3...).
The function z is extended beyond the physical region 0 < z < W to f (z) = z for 2mW < z < (2m + 1)W for integer m. In the intervening intervals f (z) = 2W − z. f (z)
has period 2W and is expanded in cosines:
and for j = 0
In this form, a j has many zeros: a j = 0 for all odd j and for j = 4, 8, 12, 16, ... For convenience, one can write the j's for the non-zero a j 's as j = 0 and j = 4l + 2 with l = 0, 1, 2, 3... to facilitate a sum over j.
The equations for v(x, y, z, t) and p(x, y, z, t) look just as they did for 1-2D when expressed in vector form. The desired solution that fits the driven boundary with the above v x (H, y, z, t) is a sum over j with coefficients a j of solutions of the form
n with n fixed by the driving force;
and, when k x < 0, the trig functions become hyperbolic.
In the sum over j, the 3D wave vector k takes on a series of values. The squares of the components always sum to ω 2 /c 2 . Periodic boundary conditions in y reflect the original rotational symmetry of the round pot. That symmetry manifests as a translational symmetry in y. An important consequence is that any given, particular sinusoidal structure of the head is preserved in the back reaction. (For quantum waves, this is recognized as conservation of angular momentum.) So k y is fixed by the boundary condition on v x (H, y, z, t);
it characterizes a particular number, n, of half waves in the y-direction. k z appears in the sum as j multiples of half-waves that fit in z. That comes from the Fourier expansion of the function z that is the representation of the radial direction on the original circular head.
Furthermore, because there is a boundary in the radial or z direction, there will, in general, be mixing of different wave numbers in that direction under the action of the dynamics. k x is whatever it has to be (including imaginary) to satisfy ω.
How the head responds to the calculated air pressure (even restricted to the region bounding the internal annulus) depends on the whole head's dynamics and how it is being forced over its entirety. So, I display here simply a particular aspect of the back reaction pressure:
p(H, y, W, t) = ρ AP cos k y y cos ωt which defines a functionP . It is the sum of terms with resonance zeroes in the denominator:
and it is relatively featureless except for the location in ω of those zeroes. It does not look anything like anything one might hear or measure on a real instrument because it makes no reference to string or head dynamics. It simply gives an accounting of the pressure at the top of the internal resonator due to motion of the head in that region. The input for that motion is of a constant amplitude as a function of frequency. Also, motion on other regions of the head will contribute to pressure at that location to the same order of the calculation and would, in practice, have to be added in to find the back reaction motion.
E. Helmholtz resonance
The simple formula always given for the frequency of a Helmholtz resonator is
ρ V neck is the mass of the little plug of air oscillating in the neck. So we can identify Hooke's constant for the "spring of the air" [10] as k H = ρ c 2 A 2 neck /V , where V is the volume of the resonator and A neck is the area of the interface of the neck with the main volume V .
In this approximation, any further details of the geometry are irrelevant. The air inside V expands and contracts uniformly at ω, pushing the neck air volume in and out. The actual flow pattern is necessarily complicated, particularly near the two ends of the neck.
Elaborate and careful numerical integration of the air equations of motion have identified this behavior. But the simple picture is obviously a limit: all dimensions of V must be much larger than those of the neck. Otherwise there is necessarily some shape dependence. 
F. 2-3D
At the level of this investigation, there is not much to add to the qualitative comments of section II.6. For a rectangular banjo, the head mode shapes are sines in both directions.
Both must be expanded in cosines, which then gives a double sum as solutions for the air motion. Its qualitative behavior is like the 1-2D case, except that there are more resonances per interval of driving frequency. A circular head and pot have rotational symmetry, which, as discussed for the internal resonator, preserve the azimuthal structure of head modes in the air motion and back reaction. However, the radial boundary requires an expansion in
Bessel functions to get a solution for any particular driving mode.
IV. CONCLUSIONS
The goal of this investigation was to find the most elementary way to follow the physics of how of the air modes of the pot effect the motion of the head. For the banjo, one wants a way to contemplate the whole possible range of frequency, pot design, and head excitation.
I do not know of anything simpler than what is presented. To place this knowledge in the bigger picture, it is worth remembering that a frequency-domain, steady-state analysis, as employed here, accounts for only part of what's going on in the production of music. In real time, typically only a small portion of the energy delivered to some system goes into sound. Most goes into heat or is transferred to some other system. On a banjo, the head is by far the most efficient transducer of vibration to sound. So giving some of its energy to another subsystem is a losing proposition in terms of total sound production. Nevertheless, we like the effects of the air modes and other chosen design elements because of the ways they spread out the responsiveness of the head to driving by the strings -different designs to different degrees in different directions, according to taste. If the head's response to string driving at a particular frequency is sub-optimal (whatever that is), the string's energy stays longer in the string. The string makes virtually no sound on its own but does dissipate energy to friction. The poor head response might prolong the sustain (albeit quieter) of the particular component of a pluck, but, more significantly, it results in more total energy loss in the string itself. So the mixing up of frequencies and wavelengths contributes to shaping the sound according to our pleasure. Of course, what we like is strongly influenced by what
we know and what we're used to. Musical instrument design is not, by and large, a purely engineering endeavor.
